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Nonequilibrium Planar Interface Model for Solidi� cation
of Semitransparent Radiating Materials
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A nonequilibrium solidi� cation model for semitransparent materials is presented. Consideration is given to
a planar layer of emitting, absorbing, and scattering medium subject to radiative and convective cooling. The
enthalpy method is used to formulate the phase-change problem together with radiative transfer equation tak-
ing into account internal emitting, absorbing, and scattering. A planar interface nonequilibrium solidi� cation
is assumed with crystalline phase nucleated on the surface at a given nucleation temperature, which may be
signi� cantly lower than the equilibrium melting temperature of the material. A linear kinetics relationship is
introduced to correlate the unknown solidi� cation temperature to the interface velocity. A fully implicit � nite vol-
ume scheme is used to solve the problem with the solidi� cation interface tracked by a modi� ed interface tracking
method. The radiative transfer equation is solved using the discrete ordinates method. Internal radiation enhances
the latent heat removal and thus leads to a higher interface velocity and a larger melt undercooling. Optical
thickness and the conduction-radiation parameter are two important parameters that affect the solidi� cation
process. In the presence of external convective cooling, effect of internal radiation is small in the early stage of
solidi� cation.

Nomenclature
c = speci� c heat, J/kgK
D = thickness of the layer, m
H = dimensionless enthalpy, (h-cTm ) /cTm

HR = convection-radiationparameter, hc / ( r T 3
m )

h = enthalpy, J/kg
hc = convective heat-transfer coef� cient, W/m2 K
I = intensity of radiation, W/m2 sr
Ī = normalized intensity of radiation, I / (4 r T 4

m)
k = thermal conductivity,W/m K
N = conduction-radiationparameter, k / (4 r T 3

m D)
n = refractive index
qr = radiative heat � ux, W/m2

q̄r = dimensionless radiative heat � ux, qr / (4 r T 4
m )

S = dimensionless interface position, s / D
St = Stefan number, cTm / k
s = interface position, m
T = absolute temperature,K
Te = temperature of the environment, K
Tm = equilibrium freezing temperature, K
TN = nucleation temperature, K
Ts = interface temperature,K
T0 = initial temperature, K
t = time, s
Vs = dimensionless interface velocity, dS / ds
X = dimensionless coordinate, x / D
x = coordinate in the direction across the slab, m
b = extinction coef� cient of the medium, m ¡ 1

h = dimensionless temperature, T / Tm

h e = dimensionless environment temperature, Te / Tm

h s = dimensionless interface temperature, Ts / Tm

j D = optical thickness of the layer, b D
k = latent heat of fusion, J/kg
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l = dimensionless linear kinetics coef� cient, (q c l k /4 r T 2
m )

l k = linear kinetics coef� cient, m/s K
n = direction cosine of a radiation ray
q = density, kg/m3

q 0, q i = re� ectivities to external and internal incidence
r = Stefan–Boltzmann constant, 5.6705 £ 10 ¡ 8 W/m2 K4

s = dimensionless time, (4 r T 3
m / q cD)t

X = solid angle, sr
x = single scattering albedo

Introduction

T HE effect of internal irradiationon meltingor solidi� cation has
long been realized.1,2 Habib3,4 is probably the � rst who ana-

lytically solved the phase-change problem of a semi-in� nite semi-
transparentmaterial by employinga heat-balance integralmethod.5

Later, Abrams and Viskanta6 devised a more rigorous treatment
of the melting problem of a semitransparent material in a one-
dimensional domain. They found that the internal radiative heat
transfer has a signi� cant effect on the phase-change velocity and
temperature pro� les in both the solid and the liquid domains. Chan
and coworkers7,8 proposed that, under an equilibrium condition,
there should exist a two-phase zone between the liquid and the
solid phases. They solved the solidi� cation and melting problem in
an absorbing–emitting semi-in� nite body using this model. Experi-
mental studieswere carriedout by Diaz andViskanta9 andWebband
Viskanta.10 They investigated the melting process of n-octadecane,
a semitransparent phase-change material under the irradiation of a
tungsten � lament lamp. The measured interface locations and tem-
perature pro� les agreed very well with their analyses. Effects of
internal radiation on phase change were also investigated by Seki
et al.,11 Cho and Ozisik,12 Oruma et al.,13 and Kim and Yimer.14

All of these phase-change models of semitransparent materials
assumea local equilibriumconditionat the solidi� cation front. This
assumption is valid only for the situation when the material has
a large dimension and heat-transfer rate is relatively small. Some
processes such as laser material processing and spray casting are
characterized by small material dimensions and high heat-transfer
rates; in these cases nonequilibriumkinetics effectsof phase change
become important, and therefore the local-equilibriumcondition is
not valid any more.15 In addition, local undercoolingor overheating
can be introduced by excessive internal radiative heat transfer in a
semitransparentmaterial experiencingphase change,6 and this phe-
nomenon, strictly speaking, cannot be described by an equilibrium
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phase-change model. For nonequilibrium phase-change processes
melting or solidi� cation will not take place at the equilibrium melt-
ing temperature,and a large melt undercoolingor solid overheating
can exist at the interface. Nonequilibriumkinetics relationshipsare
therefore needed to provide additional mathematical equations to
complete the modeling of the problem.

This paper presents a one-dimensional nonequilibrium solidi� -
cation model for semitransparent materials with internal radiation.
The model deals with a slab of emitting-absorbing-scattering semi-
transparent material subject to radiative and convective cooling on
its surfaces. Both conduction and internal radiation are taken into
account. Solidi� cation starts on the surface with a given nucleation
temperature below the equilibrium melting temperature of the ma-
terial. A linear solidi� cation kinetics relationship is introduced to
correlate the liquid/solid interface moving velocity and the inter-
face temperature,which are two unknowns and must be determined
as part of the solution. The correspondingmathematical problem is
solvednumerically.The enthalpymethod and the fully implicit con-
trol volume scheme16 are used to treat heat conduction and phase
change inside the slab, whereas a discrete ordinates method17 is
used to deal with the radiative heat transfer. Because exact track-
ing of the interface location is essential to determine accurately
the interface parameters, a modi� ed interface tracking method of
Voller and Cross18 is used to track the liquid/solid interface during
solidi� cation. This interface tracking method is similar to the one
developedby Fabbri and Voller19 for a nonequilibriumsolidi� cation
in the absence of radiation. Finally, selected results are presented
to illustrate the unique features of nonequilibrium solidi� cation of
semitransparentmaterials.

Physical Problem and Mathematical Formulation
Consideration is given to a slab of semitransparentmaterial that

is emitting, absorbing, scattering, and heat conducting. The slab
has a thickness of D and is initially melted to a high temperature
T0 . It is then suddenly exposed to a cold environment so that heat
is transferred from the slab by both radiation and convection. For
the sake of convenience, heat transfer from both sides of the slab
is assumed to be symmetrical; therefore, only a half-thickness of
the slab needs to be considered, as shown in Fig. 1. The following
assumptions are made to simplify the analysis: 1) the material is
gray, 2) all material properties are temperature independent and
phase independent, 3) solidi� cation is assumed to take place at a
planar solid/liquid interface, and 4) the scattering is isotropic.

Governing Equations

Under the preceding assumptions the governing equation of the
system under consideration can be written as follows, using the
dimensionless variables de� ned in the nomenclature:

@H

@s
= N

@2h

@X 2
¡

@q̄r

@X
(1)

The temperature and enthalpy are related to each other by

h =

»
H + 1 in the solid region

H + 1 ¡ 1/St in the liquid region (2)

Equations (1) and (2) form the so-calledenthalpy formulationof the
phase-changeproblem.

Fig. 1 Schematic of the phy-
sical problem and the coordi-
nate system.

The radiation term in Eq. (1) can be found in standard texts (e.g.,
Refs. 20 and 21):

@q̄r

@X
= j D(1 ¡ x )
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The normalized intensity of radiation Ī is solved from the radiative
transfer equation (RTE). The RTE in a one-dimensional form can
be written as

n

j D

d Ī

dX
= ¡ Ī + (1 ¡ x )

n2 h 4

4 p
+

x

4 p

Z

4 p

Ī (X , X ) dX (4)

Nonequilibrium Solidi� cation with Undercooling

Solidi� cation is assumed to be initiated at the surface of the slab
at a prescribednucleation temperature TN that is below the equilib-
rium melting temperatureof the material.Because the solidi� cation
temperature is an unknown in this case, a nonequilibrium kinetics
relationship is needed to complete the mathematical description of
the problem.As a � rst approximation,a linear relationshipis used to
relate the degree of melt undercoolingat the interface to its moving
velocity15:

Vs =
dS

ds
= l (1 ¡ h s ) (5)

where the dimensionless linear kinetics coef� cient l can be eval-
uated from the solidi� cation kinetics (e.g., Ref. 22). Equation (5)
is an additional condition needed to locate the interface position
during solidi� cation. One of the advantagesof the enthalpy formu-
lation is that it does not require an explicit track of the solid/liquid
interface. In the present situation, however, the solid/liquid inter-
face is continuously tracked during solidi� cation because accurate
informationabout the interface is needed when Eq. (5) is employed.

Boundary and Initial Conditions

At the surface of the slab X = 0, the intensity of radiation can be
written as21

Ī (0, X ) =
(1 ¡ q 0)h 4

e

4p
+

q i

p

Z

n < 0

Ī (0, X 0 ) j n j d X 0 (6)

The surface is assumed to be diffusive, and the re� ectivities q 0 and
q i are determinedby integratedaverages from the Fresnel re� ection
relations.23 At the symmetry line (X = 0.5) the intensity is symmet-
rical.

Because the radiation passing through or re� ected by the bound-
ary has been taken into account in the solution of radiative transfer
equation [Eq. (4)], the boundary condition for Eq. (1) only involves
external convection and conduction. In the case when the slab is
subject to convective cooling, one has

4N
@h

@X
= HR(h ¡ h e) at X = 0 (7)

At the symmetry boundary

@h

@X
= 0 at X = 0.5 (8)

For convenience,we have assumed that the ambient temperature in
Eq. (7) is the same as the environmenttemperature h e . In the limiting
case of opaque materials, internal radiation is negligible, and it is
conventional to assume that the radiative heat loss emanates from
the surface. Equation (7) is then modi� ed as

4N
@h

@X
= HR (h ¡ h e) + (1 ¡ q 0)

¡
h 4 ¡ h 4

e

¢
at X = 0 (9)

where (1 ¡ q 0 ) de� nes the emissivity of the surface.
Initially, the slab is assumed to be in a liquid state at the temper-

ature T0 . Solidi� cation starts when the surface temperature reaches
the preset nucleation temperature TN .
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Numerical Solution
The problemis solvedusinga fully implicit � nite volumemethod.

To track the interface accurately and to eliminate the stepwise vari-
ation of the predicted interface locations,an interface tracking tech-
nique based on the work by Voller and Cross18 is implemented.
Brie� y, a variable time step is chosen such that the solidi� cation
interface is located at the nodal plane at each time step. The value
of the time step, given by D s = D X / Vs , is a function of the current
interface velocity and the grid density and is obtained by iteration.
As a result, generallya � ne grid has to be used in order to predict the
accurate solidi� cation rate and to speed up the calculation at each
time step.

The radiative transfer equation is solved using the discrete ordi-
nates (SN ) method. The detailed solution procedure for a combined
heat-transfer problem was illustrated elsewhere24 and will not be
repeated here. The S4 method is found to be suf� cient in accuracy.

The iterative solution procedures can be summarized as follows.
At the cooling stage of the superheated melt, the implicit solution
is performed using a � xed small time step, typically D s =0.005.
The radiative transfer equation and the energy equation are solved
simultaneously and iteratively at each time step. After the onset of
solidi� cation, the calculation involves two types of iterations: one
for the determination of the time step and the other the typical im-
plicit solutionprocedure.The solutionprocessat each advancement
of time begins with a guessed time step, and then proceeds to solve
for the enthalpy and temperature distributions.The interface veloc-
ity and thus the time step are then updated using the new interface
temperature. In all calculationspresented here, a convergenceis as-
sumed to be achieved when the relative variation of the temperature
is within 10 ¡ 6 at each node and that of the time step is 10 ¡ 3 during
two successive iterations.

All solutions are checked against various grid densities. A uni-
form grid with D X =0.0025 (i.e., 201 nodes) produces the grid-
independent results. The differences between the calculated inter-
face locations and the solidi� cation times using D X =0.0025 and
those using D X =0.00333 (i.e., 151 nodes) are less than 0.15%.

Results and Discussion
Nonequilibrium solidi� cation of a semitransparent material is a

complex process controlled by many parameters. This study only
focuseson theeffectof internalradiativeheat transferonnonequilib-
rium solidi� cation characteristics.The parameters of particular in-
terest include the optical thickness j D and the conduction-radiation
parameter N . The combinedeffect of internal radiationand external
convective cooling is also studied through the convection-radiation
parameter HR . The ranges of these parameters are chosen among
those proposed by Siegel.23 For the results presented here, the scat-
tering albedo is set equal to zero, i.e., x = 0, the refractive index
n =1.5, and the Stefan number St = 2 without losing generality.
The environment temperature is assumed to be much lower than
that of the slab, i.e., h e

»=0. The nucleation temperature is set to
be TN / Tm =0.9 (see, e.g., Refs. 25 and 26). Initially the melt is
assumed to be superheated at temperature T0 / Tm =1.05.

First, a direct check of the numericalmethods used in this study is
provided by Fig. 2, which depicts an excellent agreement between
a limiting solution of the present problem and the exact Neumann
solution.27 The presentsolutionwas obtainedbyassigningvery large
values to HR and l (e.g., HR and l =1000), the same properties
of the liquid and solid phases, and setting the radiative heat � ux to
zero (i.e., j D =0) in the code. Under these conditionsthe short time
solutionshouldcorrespondto the solutionfor a semi-in� nite opaque
material with the � rst-kind boundary condition, as demonstrated in
Fig. 2.

For the most semitransparent materials with complex crystallo-
graphicstructures,solidi� cationkinetics is diffusioncontrolled,and
their linear kinetics coef� cients are very small.28 In the following,
a small value of l , i.e., l = 5 is used for most of the calculations.
Choosing a slow kinetics will also emphasize the kinetics effects or
the nonequilibrium effects. The results to be presented � rst are for
the case when the radiative cooling is the sole mode of heat transfer
from the slab to the environment, i.e., HR =0. The effect of the con-

Fig. 2 Comparison of a limiting solution with the exact solution of
Neumann problem.

Fig. 3 Interface location as a function of time under pure radiative
cooling (HR = 0) for various optical thicknesses with the conduction-
radiation parameter N = 0:1.

vective heat transfer is then introducednext through nonzero values
of HR . Finally, the kinetics effect is discussed.

Nonequilibrium Solidi� cation Characteristics
of a Semitransparent Material

The characteristics of nonequilibrium solidi� cation of a semi-
transparent material and the effect of the internal radiation can be
best illustratedby the case when the convectivecoolingis neglected,
i.e.,when HR = 0. Figure3 shows the interfacelocationas a function
of dimensionless time for the optical thickness j D =0.1, 1, 5, and
20. The smaller the value of j D , the more transparent the material
is. The opaque material in Fig. 3 corresponds to an in� nite j D . A
radiation-conduction parameter of N = 0.1 is used. Several features
can be observed from this � gure. First, the solidi� cation rates vary
with the optical thicknesses. For example, the total solidi� cation
time s for the opaque material is about 3.9, and it reduces to about
2.7 for j D =20 and 2.2 for j D =5. Further reducing j D to 1 extends
the solidi� cation time to 2.4, however. When j D =0.1, the solidi� -
cation rate becomes much slower than that for the opaque material
because of the reduced radiation heat transfer between the medium
and the environment. This pattern is consistent with the effects of
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Fig. 4 Interface velocity as a function of the interface location under
pure radiative cooling (HR = 0) for ·D = 0:1, 1, 5, and 20 and in� nity
(opaque) with N = 0:1.

j D on the cooling rates of a semitransparent slab in space.29,30 In-
ternal radiation in semitransparentmaterials enhances heat transfer
and therefore accelerates the latent heat removal from the interface
to the surroundings. This enhancement of heat transfer, however,
depends on the value of the optical thickness of the material. When
the optical thickness is large, reducing j D increases the effective
emissivity of the material and thus enhances heat transfer. When
the material is optically thin, however, further reduction of the opti-
cal thickness will decrease the internal heat transfer. In the limiting
case, as j D reaches zero the material becomes completely trans-
parent, and no radiative heat loss is possible. Figure 3 also shows
that a longer time is needed to cool the surface to the nucleation
temperature for a more transparentmaterial.

The solidi� cation velocity as a function of internal radiative heat
transfer is presented in Fig. 4, where the interface velocity is plot-
ted against the interface location.The interfacevelocities all start at
0.5 when the solidi� cation is initiated, a value dictated by the pre-
set nucleation temperature. The solidi� cation process cannot stay
at this high interface velocity because of a limited heat transfer
rate. The latent heat released at the interface will heat the solid-
i� ed solid as well as the nearby undercooled melt to reduce the
solidi� cation driving force and thus the interface velocity. This fast
decreasein the interfacevelocityand rapid increasein the solidi� ca-
tion temperature is a uniquefeature of nonequilibriumsolidi� cation
of an undercooledmelt and is often referred to as the recalescence
process. For an opaque material the recalescence is followed by a
quasi-equilibriumsolidi� cation process with the interface velocity
decreasing slowly.31 If the optical thickness of the material is small
enough, e.g., j D =0.1, 1, or 5, the interface velocity is accelerated
again at the end of the recalescence before it reaches a maximum.
This trend of the interface velocity variation in the beginning can
be explained by the temperature distribution.During the cooling of
the single-phase melt, the temperature distribution across the slab
depends on the optical thickness; the smaller the optical thickness,
the more uniform the temperature.30 Therefore, for a smaller optical
thickness the bulk melt is at a larger degree of undercooling when
the solidi� cation begins at the surface. After a sharp early decrease
the interfacevelocityfor a smaller opticalthicknesstendsto increase
because the interface temperature is lowered by the cold melt. For
an optically thick material, however, there is a large temperature
gradient near the boundary, and the interface temperature tends to
increase because of the heat transfer from the melt. Figure 4 also
shows that the interface velocities for j D =1, 5, and 20 are higher
than that for the opaque material, except in the very early stage of
the solidi� cation process. A higher interface velocity resulted from

Fig. 5 Temperature distributions at the times when the interface is
located at S = 0:05, 0.25, and 0.45 for pure radiative cooling (HR = 0),
·D = 5, and N = 0:1.

Fig. 6 Effect of optical thickness on temperature distributions at the
time when the interface is at S = 0:25 under pure radiative cooling
(HR = 0) with N = 0:1.

the more ef� cient removalof the latent heat from the interfaceyields
a lower interface temperature. This is helpful for metastable phase
formation because a higher melt undercooling can be maintained
during the entire course of solidi� cation.25

Figure 5 shows the temperature distributions across the slab at
three time levels when the interfacehas advanced to S =0.05, 0.25,
and 0.45, respectively, for a semitransparent material with j D =5.
At each time level a peak exists at the solid/liquid interface,a typical
temperature distribution of nonequilibrium solidi� cation of an un-
dercooledmelt during recalescence.The appearanceof a maximum
temperature at the interface is caused by the rapid release of latent
heat that heats up both the solid and liquid phases surrounding the
interface.The peaked temperaturedistributionexists throughoutthe
solidi� cation process in a semitransparentmaterial because a large
melt undercooling remains during the entire solidi� cation process
caused by the continuous cooling of the melt by internal radiative
heat transfer.

Because the internal radiation depends on the optical properties,
the extent of melt undercoolingduring later stages of solidi� cation
is a function of the optical thickness as shown in Fig. 6, which
presents the temperature pro� les when the interface advances to
S =0.25 for � ve different values of optical thickness. As can be
seen, the melt temperatures for all cases are below the equilibrium
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Fig. 7 Effect of the conduction-radiationparameter N on the temper-
ature distributions at the time when the interface is at S = 0:25 under
pure radiative cooling (HR = 0) with ·D = 5.

melting temperature with the opaque material having the smallest
melt undercooling.When j D is greater than 1, decreasingthe optical
thickness leads to a decrease in the interface temperature, or an
increase in the melt undercooling at the interface. This explains
the variation of the interface velocity as a function of j D shown in
Fig. 4. Figure 6 also demonstrates a signi� cant effect of internal
radiation on the overall temperature � eld in the material. For an
opaque material energy is lost to the environment from the surface,
and conduction is the only mode of internal heat transfer (in the
absence of convection). As a result, a large temperature gradient is
developedin the solid region,but the temperaturein the melt is quite
uniform. The latent heat released at the interface is transferred out
of the material only through the solid region. For semitransparent
materials heat is also transferred out by radiation not only from the
solid region but also from the liquid region. Decreasing the optical
thicknesscauses a more sharply distributed temperature on the melt
side of the interface, mainly caused by a larger initial undercooling
of the bulk melt.

The conduction-radiation parameter N is another important pa-
rameter that signi� cantlyaffects the solidi� cationprocess,as shown
in Fig. 7. This � gure illustrates the temperature distributions at
S =0.25 for three values of N . A small N indicates a dominat-
ing internal radiationover heat conduction.As one can see in Fig. 7,
the temperature distribution for N =0.02 is sharply peaked at the
interface,whereas the temperaturedistributionfor N =0.5 is rather
uniform. Strong heat conduction (a large N ) smoothes out the tem-
perature difference in the system and reduces the overall melt un-
dercooling. Although a larger melt undercooling is achieved for a
smaller N , a higher interface temperature results because of a low
rate of heat transfer. Increasing N leads to a lower interface tem-
perature or a higher interface melt undercooling and thus a higher
interface velocity.

The recalescence phenomena can be demonstrated more clearly
by examining the variation of the temperature as a function of time
at � xed positions in the material. Figure 8 presents the temperature
historiesexperiencedby three points located at X =0.05, 0.25, 0.45
for j D =5. As can be seen, when the interface passes these points
the latent heat raises all of their temperatures, resulting in a peak in
the temperature histories. This is a typical feature of recalescence.

Effect of External Convective Cooling

The precedingdiscussionis for the case when the convectivecool-
ing is neglectedon the slab surface.This is the case when processes
take place in space or at an extremely high temperature difference.
For many cases, however, other modes of external cooling can exist.
For example, the slab may be cooled by a � uid � owing along the
surface or by being placed in contact with a cold solid substrate.

Fig. 8 Temperature histories with time at three � xed positions:
X = 0:05,0.25,and0.45underpureradiativecooling (HR = 0)with ·D = 5
and N = 0:1.

Fig. 9 Propagationof interface under combined radiativeand convec-
tive cooling (HR = 1) for various optical thickness with N = 0:1.

These external cooling modes also affect the solidi� cation process.
We are particularly interested in knowing how the external cool-
ing alters the nonequilibrium characteristics of the process. All of
those differentmodes of external cooling can be describedby an ef-
fective convective heat transfer coef� cient hc . One can then de� ne
a convection-radiationparameter HR =hc / ( r T 3

m ). A high value of
HR indicates a strong external cooling effect caused by convection.

Figure 9 shows the transientsolidi� cation front locations for vari-
ous valuesof the optical thicknesswhen HR =1. Comparisonof this
� gure with Fig. 3 shows that addition of surface convectivecooling
enhancesthe solidi� cation rate, as expected,and the total solidi� ca-
tion time is greatly shortened. For example, the solidi� cation time
is reduced from 3.9 to about 2.3 for the opaque material and from
2.4 to 1.4 for j D = 1. Because of the strong convective cooling on
the surface, the time needed for melt at the surface to cool down
to the nucleation temperature is about the same for all cases. At
the early stage of the solidi� cation, the effect of internal radiative
heat transfer is relatively small. During this period, heat conduction
is the dominant internal heat transfer mode because of the steep
temperature gradient near the boundary. When the solidi� ed layer
becomes thicker, the effect of convective cooling reduces, and the
role of internal radiation becomes more important to heat transfer
around the interface. As a result, in the later stages of solidi� cation
the effect of the optical thickness on solidi� cation characteristics
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Fig. 10 Effect of the external convective cooling on the interface ve-
locity for ·D = 5 and 20 with N = 0:1.

becomes more apparent as seen in the � gure. In contrast to Fig. 3,
the slabwith j D = 0.1 hasa highersolidi� cation rate than the opaque
material in the later stageof solidi� cation.This may be explainedas
follows. The radiative heat loss from the opaque material emanates
from its surface; in the presence of external convection, the surface
temperature drops rapidly and so does the radiative heat loss. On
the other hand, for a semitransparentmaterial the radiativeheat loss
originates from the whole volume, and the radiation also serves to
enhance the internal heat transfer. This internal radiation effect ex-
ceeds the effect of surface radiation unless the material becomes
optically thin, e.g., j D = 0.01, as shown in Fig. 9.

The effect of the external convective cooling on solidi� cation
velocities can be seen more clearly in Fig. 10, which shows the in-
terface velocities as a function of the interface locations for three
values of HR . The solid curves are for j D =5, and the dashed ones
are for j D = 20. It is clearly seen in Fig. 10 that the external convec-
tive cooling increases the interface velocity. When HR is increased
from 0 to 5, the average solidi� cation velocities increase by almost
threefold. In addition, when HR is suf� ciently large (e.g., HR =5)
the rate of heat transfer from the materials is so fast that a large
melt undercoolingremains at the earlier stagesof solidi� cation, and
the recalescenceprocess is thus eliminated.During this time period,
the solidi� cation rate, unlike those for HR =0 and 1, experiences
an increase at the beginning until reaching a maximum. After that,
the effect of the external cooling is reduced because of the added
thermal resistance from the solidi� ed layer. This kind of variation
in the solidi� cation velocity is typical for materials with a small
value of the linear kinetics coef� cient and a high rate of external
heat transfer.15

The effect of externalconvectivecoolingon early stagesof solidi-
� cationcan be furtherunderstoodby inspectingthe temperaturedis-
tributions across the slab at various times, similar to those shown in
Fig. 5. Figure 11 presents the temperaturedistributionsat three time
levels when HR =1. The temperature distribution does not show a
peak at the interfacewhen S = 0.05, but it does so in the later times.
The temperature pro� le at S =0.05 is similar to that during quasi-
equilibrium solidi� cation of an opaque material31 because external
convectivecoolingdominates the process.As the solidi� cation pro-
ceeds, internal radiative heat transfer becomes increasingly impor-
tant, leading to the similar peaked temperature pro� les as shown in
Fig. 5.

A peaked temperature distribution as just shown can indicate
the possible development of so-called mushy zone solidi� cation
or the developmentof thermal dendrites. From the viewpoint of the
interface stability dynamics,32 such temperature pro� les suggest a
strong instability of the interface: a slight distortionof the interface
plane will grow into a dendritelikefront quicklybecause the melt in

Fig. 11 Temperature distributions at the times when the interface is
located at S = 0:05, 0.25, and 0.45 under combined radiative and con-
vective cooling: HR = 1, ·D = 5, and N = 0:1.

Fig. 12 Interface moving velocities for three values of kinetics coef� -
cient, i.e., µ = 5, 100, and in� nity (equilibrium) under the conditions of
HR = 1, ·D = 5, and N = 0:1.

front of the interface is substantially undercooled. In other words,
the presentresults stronglysupportthe possibilityof the existenceof
a mushy zone in a solidifyingsemitransparentmaterial as proposed
by Chan et al.7 In this connection, a detailed investigation on the
physical mechanisms of the mushy zone formation in a solidifying
pure semitransparentmaterial has been published recently.33

Effect of Kinetics Coef� cient

Finally, a few comments are in order about the kinetics coef� -
cient. Throughout this paper a � xed value of l =5 has been used
for the nondimensional kinetics coef� cient, which corresponds to
the materials with a fairly sluggish growth kinetics, so that we can
clearly illustrate the kinetics effect on solidi� cation. As one might
expect, the choice of the value of l has a signi� cant impact on so-
lidi� cation process, as shown in Fig. 12, which plots the interface
velocity as a function of the interface location for three values of
l . Slower solidi� cation kinetics (i.e., smaller l ) leads to a reduced
interfacevelocity as in the case when l =5. In this case the solidi� -
cation is controlledby both heat transfer and solidi� cation kinetics,
as discussed earlier in this paper. When l increases to 100, a strong
kineticseffect shows onlyat the beginningof the solidi� cationwhen
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there is a large undercooling in the melt. Such a high kinetics leads
to a quick reduction in the interface velocity because of recales-
cence, as shown in Fig. 12. The dotted line in Fig. 12 correspondsto
the interfacevelocityobtainedusing an equilibriumplanar interface
model (e.g., Ref. 6). The equilibrium solidi� cation can be viewed
as a limiting case of the present problem with an in� nitesmal ini-
tial undercoolingand an in� nite kinetics coef� cient. In this case the
solidi� cation is solely controlled by heat transfer, and the kinetics
effect disappears. It can be seen in Fig. 12 that the solidi� cation
for l = 100 approaches the equilibrium case after a short period
of time. In the equilibrium process solidi� cation begins as soon as
the surface temperature drops to the equilibrium freezing tempera-
ture, and the initial interface velocity is very small. Therefore, the
variation of interface velocity from the equilibriummodel shows an
opposite trend to the nonequilibrium cases in the early stages, as
seen in Fig. 12.

The linear kinetics coef� cient is a material property. For a given
material the value is � xed. Whether the nonequilibrium effect is
important, however, is dependent on the initial melt undercooling
and the rate of heat transfer.The extent of melt undercoolingis con-
trolled by the cooling rate and nucleation kinetics of the crystalline
phases, whereas the rate of heat transfer is strongly in� uenced by
the size of the system as well as the external and internal rates of
heat transfer. Generally speaking, the nonequilibrium kinetics ef-
fect becomes important only for those systems with a very small
dimension but with a very fast rate of heat transfer, either external
or internal or both.

In addition, even for the cases with fast solidi� cation kinetics, so-
lidi� cationof a semitransparentmaterial is an intrinsicallynonequi-
librium process because the bulk melt will be eventually under-
cooled because of internal radiation. This is different from that of
an opaquematerial in which no bulk undercoolingcan exist for long
when the solidi� cation kinetics is fast.15,31 Therefore, care must be
taken in modeling the phase-change processes of semitransparent
materials using an equilibrium model.

Conclusions
Results have been presented to illustrate the typical nonequilib-

rium solidi� cation characteristics of a semitransparent slab under
both radiative and external convective cooling conditions. Semi-
transparent materials have a higher solidi� cation rate than opaque
materials unless the former becomes optically thin. In the case of
pure radiative cooling, a maximum rate of solidi� cation is achieved
when the optical thickness is about 1 to 5. Internal radiation leads
to a large melt undercooling at the interface that may be helpful
for metastable phase formation. A temperature distribution sharply
peaked at the interface is found to exist throughout the solidi� ca-
tion process; the smaller the optical thickness or the conduction
parameter, the higher the temperature of the interface relative to
that of the undercooledmelt in front. If the external heat transfer is
large enough, e.g., HR =5, the external cooling will eliminate the
recalescenceprocess, and the solidi� cation velocity is signi� cantly
increased.Convective cooling dominates the earlier stage of solidi-
� cation, and internal radiation effects become important only in the
later time period.

Finally, a peaked interface temperature and a large undercooled
melt in front of the moving interface strongly suggest a mushy-
zone solidi� cation for pure semitransparentmaterials, as proposed
by the previous researchers. It is hoped that the present study sheds
some light upon the physical mechanisms that control the forma-
tion of a mushy zone in a solidifying semitransparent radiating
material.
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